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(b) Worst-group accuracy when progressively removing
the smallest singular values without flattening. While
some gains occur, the effect is unstable and inconsistent
across truncation levels.

(a) Worst-group accuracy when progressively remov-
ing the smallest singular values and flattening the re-
maining spectrum. Flattening consistently improves
performance and stabilizes the effect of truncation.

Figure 3: Effect of spectral manipulations on SimCLR-trained feature representations for SpurCIFAR-
10. We evaluate trained features with a linear classifier where singular values are incrementally
truncated (from O to 512) either with (3a) or without (3b) flattening the remaining spectrum. Flat-
tening alone (even with no truncation) significantly improves worst-group accuracy—from 30% to
40%—highlighting the importance of spectral balance for robust representation learning. Shaded
bands indicate worst- and best-group accuracies.

A Ablation Study on Removing Small Singular Values Without Flattening the
Spectrum

To test our hypothesis, we manipulate the spectrum of the feature matrix learned by SimCLR on
SpurCIFAR-10. Specifically, we compare two interventions: (1) progressively truncating the smallest
singular values while flattening the remaining spectrum (Figure 3a; the same as Figure 2b in the main
paper), and (2) progressively truncating the smallest singular values without flattening the remaining
spectrum (Figure 3b). We then evaluate the quality of the resulting representations using a linear
classifier.

While both approaches yield some gains in worst-group accuracy as more low-variance directions
are removed, the second approach (truncation without flattening) exhibits instability (see Figure
3b); it is unclear which singular values should be removed to consistently improve performance. In
contrast, Figure 3a shows that truncation combined with flattening leads to more robust and consistent
improvements in worst-group accuracy. Notably, even without any truncation, simply flattening the
full spectrum significantly boosts worst-group performance, from approximately 30% to 40%.

Taken together, these findings suggest that low-rank directions provide limited benefit for gener-
alization. As illustrated in Figures 3, a balanced spectrum plays a crucial role in enabling robust
representations, reinforcing the importance of spectral regularization in the presence of spurious
correlations.

B Proof of Corollary 3

Corollary 3 (Linear classifier generalization bound). Fix a failure probability 6 € (0,1). Let
S = {(xi,y:)}_y be drawn i.i.d. from a (Amin(FFT), 8, n)-non-degenerate distribution over inputs
and binary labels y; € {+1}. Let f(x) € R? be a fixed representation and define the feature
matrix F € R™® with rows f(x;)'. Consider a linear predictor gw(x) = (f(x)w), trained
using gradient descent. Then, with probability at least 1 — 6, the population loss Lp(gym) :=
IE(x,y)ND V(gw(x)7 y)] satisﬁes

Lp(gwn) <O (

y (FFT) ly
n b

Yn) |, and O hides logarithmic factors and dependence on 0.

wherey = (y1,...
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806 Proof. Without loss of generality, assume F is appropriately normalized, such that Apax (FFT) < 1.

go7  Consider gradient updates of the form

wlk -+ 1)~ wlk) = 5 = T (g(k) ~ )

gos withn =0 (m) and w(0) = 0. The outputs of the linear network evolve as

g(k +1) —g(k) = F(w(k + 1) — w(k)) = —nFF"(g(k) - y)
gog Thus, the distance of the outputs to the labels evolves as
g(k) ~y=glk—1) —nFF(gk—1)~y) —y= - nFF)(gk —1) —y) = I-nFF")*(g(0) ~y)
s10  Using the previous result, we can express the change in the weights during training as

K-1
w(K) —w(0) = Z w(k+1) —w(k)
=- ) nF"(gk) ~y)
k=0
K-1
= > pFT(I1 - nFFT)*(g(0) —y)
! k=0 .
Z T(@—nFFT)ky — Z nFT(1—nFFT)"g(0)
k= k=0

s11  To bound the change in the weights, we bound each term individually.

K-1 T K-1
||nFTZ —nFFT)ky|[5 = y" (Z(InFFTY“) FF" <Z(InFFT>’“>y

k=0 k=0

yT<Zl_(1X >Z“’z (ZWWU;)_‘V

i=1 i=1

= <zn:A <W> vw?)y
()

=" (FFT) 'y
K-1 K-1
1> nF (1= nFF")rg(0)]]s <nv/n (Z (1- nAmin(FFT))k> 1g(0)[]2 <0
k=0 k=0

813 Taking these bounds together yields
[W(K) = w(0)||2 < /y" (FFT)™
814 Lete € {£1}". Then it holds
(€, Xw) = (e, X(w — w(0))) + (e, Xw(0)) < v/nl[w — w(0)]|]2 + (€, Xw(0)) = V/n[[w — w(0)||2
sts  Let Fr = {(w,x): |lw—w(0)|| < R}.

1
Rs(Fr) = —Ecqziyn sup (e, Xw)| <
n [[w—w(0)||<R
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log 2
sup Lp(f) — Ls(f) < 2Rs(Fr) + O 5 9
feEFR n
1 log 2
<2—R+0O —20
~Jn + 2n
yT (FFT)_ly log 2
=/——— -~ 1+ 0 o)
n 2n

Using
llg = ¥llz < [[X=nEFT)"||2/g(0) = ¥ll2 < (1 = nAmin(FFT)) Vn < 1
for sufficiently large & > log v/n, we can bound L as follows.

Ls(f) =+ S lalf () — ol = g =yl <
i=1

Bl

C Proof of Theorem 4

In this section, we formalize the problem setting, restate Theorem 4 and provide its proof. The
dominant term, y ' (FF'T) "'y, shows that generalization improves when the label vector y aligns
well with the top eigenspaces of F'F'T. In contrastive learning, however, the downstream task is not
known during pretraining, so it is unclear which directions in the feature space will ultimately be
1mportant.

To address this, we consider downstream tasks that arise by randomly sampling two latent classes
¢, ¢~ € C according to a distribution p. For each such pair, we assume the existence of class-specific
vectors v+, V.- such that the optimal linear classifier in the feature space is givenby v = v+ — v .-.
Specifically, the class posterior is given by

1+ (Fv); 1—(Fv);

P(vi=+1|v) = Uy gy 2 12V
where F' € R"*? is the feature matrix.
Since downstream tasks are unknown at pretraining time, designing robust representations for
contrastive learning requires optimizing for generalization over a distribution of tasks. Assuming p
is uniform over class pairs, we study which spectral properties of FF'" lead to improved average
generalization. Specifically, we aim to minimize the expected surrogate loss:

L(F):=E,y [Y(FF")7'Y],

where the expectation is over random task vectors v and induced labels Y € {£1}"™.
The following theorem shows the optimal structure of F' to enhance the generalization on a general
downstream task.

Theorem 4 (Restatement of Theorem 4 (informal)). Let F € R™*"™ be a feature matrix. Then,
under a fixed trace constraint on FFT, the objective L(F) is minimized when FF'T has a uniform
spectrum; that is, all eigenvalues are equal: A\ = Ao = -+ = \,.

Theorem 4 (Optimality of Uniform Spectrum under Trace Constraint). Let F' € R"*"™ be full-rank,
and define G :== FFT € R"*". Suppose the trace is fixed, i.e., Te(FFT) =" | \; = c for some
constant ¢ > 0, where \; are the eigenvalues of FF'T. Then the expected quadratic form

L(F):=Ey.p [YT(FFT)"'Y]

is minimized when FFT = A, i.e., when all eigenvalues are equal.
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Proof. We first simplify the objective. Conditioning on v, the second moment of Y satisfies
EYY T |v] = (Fv)(Fv)' + diag(l — (Fv)?).
Thus,
L(F)=E, [tr (FFT) Y FV)(FV)") +tr (FF") " diag(l — (Fv)?))] .
Since F' is square and invertible, we have (XXT)*IF = F~ T, and thus
tr (FFT) Y EV)(Fv)T) =tr (F~Tvw FT) =tr(vv') = |v]3,
where we used the cyclic property of the trace and the fact that FT F~T = [.
Expanding the second term gives
tr (FFT) 'diag(l — (Fv)?)) =tr (F")™) —tr (FFT) ! diag((Fv)?)) .

Using a similar simplification as above, the contribution from diag((Fv)?) exactly cancels the ||v]|3
term when taking expectation over v. Thus, we conclude that

L(F)=tr (FFT)™).

Next, we optimize £(F') under the constraint tr(FF") = c. Let G := FFT > 0. Then G admits an
eigenvalue decomposition G = UAU T, where A = diag(\y, ..., \,) with A; > 0. Thus,

n

LF)=tr(G™') =Y A", and tr(G):zn:)\i:c.

i=1

Define the Lagrangian:
n n
LOG, o Am) =D N +p <ZA1- —c> .
i=1 i=1

Taking partial derivatives with respect to each \; and setting them to zero:

oL
O\

1
= \N24pu=0 = N=-—, foralli=1,...,n.
1 \/lj

Thus, all \; are equal. Substituting into the constraint Z:”:l = c gives:

g
n-)\i:C = )\225
n

O

Theorem 4 suggests that when the downstream task is unknown, learning a feature matrix F'F " with
a uniform spectrum is optimal. See also Appendix I for an illustrative example involving spurious
correlations, which further motivates the benefits of a uniform spectrum.

D Lemma4

Lemmad4. Let F € R"*? be a feature matrix with singular values o1, . . . , o, where r = min(n, d),
and let \1, . .., \, denote the eigenvalues of FFT. Assume the singular values are normalized so
that

Z(Oi —1)?<e forsomee € (0,1].
i=1

Then,

T

Z()‘i ~1)2 < Ce foraconstant C.

i=1
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Remark 5. Lemma 4 shows that flattening the singular values of F implies a corresponding flattening
of the eigenvalues of FF'T, leading to a more uniform spectrum.

Remark 6. Thus, to encourage spectrum uniformity of FF'", it suffices to regularize the singular
values of F', which is often simpler and more efficient in contrastive learning frameworks.

Proof. Let F € R™*? have rank r = min(n, d), and let its singular value decomposition be
F =UXVT, where ¥ = diag(cy, ..., 0,) with singular values o; > 0. Then the eigenvalues of
FFT € R™ ™ are exactly \; = af fori =1,...,r, and O otherwise.

By assumption, the singular values are normalized and satisfy

r

> (oi-1)?<e.

i=1

Our goal is to bound

To relate these two expressions, we use the identity:
(07 —1)* = (0: — 1)*(0s + 1)*.
Since o; are normalized and (o; — 1)? < ¢, we have o; € [1 — /2,1 + /2. Therefore,
(i +1)2<(A+ve+1)2=(2+e)2<9 fore<1.

Then:

E Algorithmic Details of Contrastive Pretraining with Spectral
Regularization

This section presents the pseudocode for our contrastive pretraining framework. Algorithm 1 out-
lines the self-supervised training procedure based on SimCLR with optional spectral regularization.
Algorithm 2 describes the computation of the spectrum flattening loss.
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Algorithm 1 Self-supervised Contrastive Pretraining with Spectrum Regularization

Input: Encoder fy, projection head g, temperature 7, augmentation pipeline 7, spectral weight
Qispec, €pochs IV, batch size B
Initialize parameters of fp and g
for epoch = 1to N do
for each mini-batch {z;}Z | do

// Stage 1: Data Augmentation

Sample two augmentations ¢,t’ ~ T

x} =t(z;), 2? =/ (x;) fori=1,...,B

// Stage 2: Feature Extraction

el = g(folw})), 2 =g(fo(}))
Normalize: z} = 2} /||z{ 2. 27 = 27/||27]]2

Stack all views: Z = {z{,27,..., 25,23} € R2Bxd

// Stage 3: Loss Computation
Contrastive loss:

1 exp(sim(Z;, Zp(s))/7)
= — _1
Lo = 55 2 OB S m( 5)/7)

where sim(a,b) = a ' b and p(i) is the positive pair index

if spectral regularization is enabled then
Compute Lgpec using Algorithm 2

end if

Total loss: £ = L + cispec Lopec

// Stage 4: Optimization
Update fy, g via gradient step on VoL
end for
end for
Output: Pretrained encoder fy

Algorithm 2 Spectrum Flattening Loss Computation (Lgpec)

Input: Feature matrix Z € RZ*4 from current mini-batch
Output: Spectrum loss Lgpec

Compute singular values: U, S,V = svd(Z) /S € R” where r = min(B, d)
Normalize: Shorm < S/ max(S)

Compute loss:
-

1
Espec = ; Z (Snorm,i - 1)2

i=1

Return: L.

F Hyperparameters

We employed the SimCLR framework to train ResNet encoders for our approach. To ensure a fair
comparison on SimCLR, we adopted the same encoder architectures as those used in Hamidieh
et al. [2024], using ResNet-18 for all datasets except CelebA, where ResNet-50 was used. Detailed
hyperparameter configurations for SimCLR across all datasets are provided in Table 3. To select the
regularization strength « for the spectral flattening loss, we performed a grid search over the values
{0.001,0.005,0.01,0.05} using validation performance on the worst-group accuracy as the selection
criterion. The best-performing value was then fixed for each dataset across all evaluation protocols.
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Table 3: Hyperparameter settings and encoder architectures for SimCLR pretraining.

Dataset Encoder Learning Rate Batch Size Weight Decay Epochs Regularizer o
celebA ResNet-50 0.01 128 le-4 400 0.01
cmnist ResNet-18 0.01 256 le-4 1000 0.01
metashift ResNet-18 0.01 256 le-4 1000 0.005
spurcifar-10  ResNet-18 0.01 256 le-4 1000 0.01
waterbirds ResNet-18 0.01 256 le-4 1000 0.01

Table 4: Comparison of our pretraining strategy (SimCLR + spectral regularizer) with supervised
models in terms of average and worst-group accuracies (%). Our pretraining strategy achieves
comparable performance to supervised models, both in terms of average and worst-group accuracies
(%), despite not utilizing any ground-truth labels or group information.

DATASET AVERAGE ACCURACY WORST-GROUP ACCURACY

SSRL-BASE OURS SUPERVISED SSRL-BASE OURS SUPERVISED

CELEBA 82.1 88.5 91.9 76.7 84.2 81.7
CMNIST 82.5 97.0 98.4 81.7 95.1 94.9
METASHIFT 55.1 78.1 89.8 45.5 67.4 83.5
SPURCIFAR-10 69.3 80.1 89.9 36.5 59.7 79.6
WATERBIRDS 47.5 57.9 67.9 43.8 56.7 41.1

g2 G Closing the Gap to Supervised Pretraining

893 SSRL has demonstrated significant potential in narrowing the performance gap with supervised
894 learning approaches, particularly for general representation learning. Similar to Hamidieh et al.
gos [2024], we utilized a consistent encoder model and varied only the pretraining strategies, ensuring
s9s that other variables, such as hyperparameter settings and model selection criteria, remained fixed.
so7  Notably, supervised pretraining requires labeled data, whereas SSRL methods do not, reducing the
gos overall annotation cost significantly. While this inherently makes the comparison less direct, the goal
o9  of this evaluation is to measure how closely SSRL methods, and specifically our proposed approach,
900 can match or surpass supervised pretraining strategies.

901 Table 4 compares the SSLR-base (SimCLR) method, our proposed method, and the supervised
902 approach. The results highlight how our method narrows the gap with supervised learning in terms of
903 average accuracy. Additionally, in worst-group accuracy, our approach outperforms both SimCLR
904 and the supervised method on datasets such as CelebA, CMNIST, and Waterbirds. Notably, on
905 CelebA, our method achieves a significant improvement in worst-group accuracy—approximately
906 4% higher than the supervised approach—while maintaining strong overall accuracy.

07 H Comparing with More Baselines

908 We evaluate the effectiveness of our spectral regularization method by comparing it against two
909 representative baselines: Barlow Twins [Zbontar et al., 2021] and DirectDLR [Jing et al., 2021]. In
ot0 addition, we examine how our regularizer performs when applied on top of SimSiam. We report both
911 average accuracy and worst-group accuracy across five standard spurious correlation benchmarks as
912 shown in Tables 5 and 6.

o3 I Example Motivating Importance of Uniforming the Spectrum

914 We present a simple example to highlight the role of the eigenspectrum of the feature matrix. Let F’
915  be a fixed feature matrix with orthonormal eigenvectors v, v, and v*, corresponding to eigenvalues
96 AT, A7, and \°, respectively. Here, v+ and v~ represent class-discriminative directions for labels
917 +1 and —1, while v° is a spurious direction with spurious correlation strength .
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Table 5: Worst-group accuracy (%) comparison between Barlow Twins, DirectDLR, and our spectral
regularization applied to SimCLR and SimSiam.

DATASET BARLOW TWINS DIRECTDLR  SIMSIAM + SPEC (OURS) SIMCLR + SPEC (OURS)
CMNIST 57.05 90.32 94.4 95.1
SPURCIFAR-10 6.0 20.58 50.1 59.7
CELEBA 39.99 68.68 74.17 84.2
METASHIFT 58.33 53.84 69.23 67.4
WATERBIRDS 43.13 47.32 49.08 56.7

Table 6: Average accuracy (%) of Barlow Twins, DirectDLR, and our spectral regularization applied
to SimCLR and SimSiam.

DATASET BARLOW TWINS DIRECTDLR  SIMSIAM + SPEC (OURS)  SIMCLR + SPEC (OURS)
CMNIST 93.1 96.35 97.2 97.0
SPURCIFAR-10 22.0 50.2 71.78 80.1
CELEBA 84.61 78.23 89.12 88.5
METASHIFT 64.6 75.28 77.52 78.1
WATERBIRDS 54.67 53.46 60.55 57.9

918 Specifically, the label generation process is as follows: define v := %(U+ — v7). For each sample z;,
919 let f; = f(x;), and define the perturbed direction:
— with probability 1 — «,
" li(v+v®), with probability c.
920 The label y; € {£1} is sampled according to:
1+ fil v
Plys = +1] ) = %

921 Let g; = gy (f:), and consider the squared loss:

1 n
5 Z 1- yzgz
922 Lemma 7. The expected gradient flow under the randomness of the labels satisfies:

E[FFT - Vgd] = (FFTg - [(1 - %) : %Aﬂﬁ - (1 - %) : %/\_v_ + ;‘A%SD .

923 This result shows that even a weak spurious correlation (o« < 1) can dominate the training dynamics
924 if A* > AT A\~ In contrast, under a flat spectrum (i.e., uniform eigenvalues), the influence of the
925 spurious direction scales linearly with o, making the model more robust to such noise.

926 Proof. The first step is to compute the loss with respect to each model output g; which is given by
dd
dgi

927 The sources of randomness are from sampling both y and the random mixing of the spurious feature.

928 By the law of total expectation, the expectation with respect to y and v is given by

dd
E'Uilfi |:Ey1|l’zyvz |:dgz:| :|

dd
Eyi‘fiﬂ]i |:d{h:| = _Q]E[yi - y?gl] =2g; — 2fiTUi7

—2yi(1 — vi9:).

920 The inner expectation is given by
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since E[y; | fi,v;] = f,T vi and y? = 1. Further observe

Eo o] vi] = (1= ) v+ af] G( + >) = (1-5) fTo+ SATv

Combining the above three equations and letting v := (1 - %) v+ Fv°, we get

dd ~
Ev, .y [dg] =2g; — 2f, 0.

Stacking across all samples, let g = [g1,...,gn] . Then:
V@ = (g — F).
Applying the data covariance operator FF' gives:

E[FF" Vg®] = (FF'g— FF'F%).

By the assumption that v, v~, and v* are orthonormal eigenvectors of FF'T with eigenvalues A*,
A~,and A%, and v = %(v+ —v7). Then:

o 1 o 1 o
F~:(1——>~7F+—(1——)-7F‘ & Py,
v 2) 27" 5) gtV Tt

and applying FF'T:

T s _9.1++_(_3>.1—— Qs
FFFU—(l 2) At 1= 2) A v+ 5Aw

Substituting this expression concludes the proof:

2 o 1 o 1 «
T, —— To R T = s S I T e s, s
E[FF' - Vg2 - (FF g {(1 2) 2)\ v (1 2) 2)\ v+ 2)\’0}).

O

J Computational Efficiency of Regularization Terms

Several self-supervised learning methods aim to mitigate representation collapse and redundancy by
decorrelating feature dimensions. Barlow Twins minimizes the cross-correlation matrix between two
views and enforces it to be close to the identity, effectively promoting invariance while discouraging
redundancy Zbontar et al. [2021]. VICReg combines an invariance term with variance and covariance
regularizers, penalizing off-diagonal entries in the covariance matrix Bardes et al. [2021]. Both
methods require computing and differentiating through batch-wise matrices of size d x d, incurring a
cost of O(nd?) to form the matrix, and an additional O(d?) for computing the regularization loss.

Whitening-based methods, such as ZCA whitening Ermolov et al. [2021], go further by requiring
not only the covariance matrix F'T F' € R4X9 but also its inverse square root, computed via eigende-
composition. This results in a total cost of O(nd? + d?), making them significantly more expensive
in high-dimensional settings.

In contrast, our spectral flattening regularizer only requires access to the singular values of the
feature matrix. These can be obtained by computing the eigenvalues of either F'T F € R¥*< or
FFT € R™", or by directly applying SVD to F' € R™"*%. Since all three methods yield the
same singular values, one can select the most efficient strategy depending on the dimensions of F'.
Specifically, computing eigenvalues of F'T F is preferred when d < n, while FF" may be used
when n < d. Direct SVD provides a balanced alternative with cost O(nd?) when n > d. This makes
our method scalable to large batch sizes and embedding dimensions, while remaining competitive
with or cheaper than other decorrelation strategies Shigeto et al. [2023].

All experiments using the spectral flattening regularizer were run on a single NVIDIA A100 GPU
with 40 GB memory.
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Table 7: Computational complexity of regularization terms for different SSRL methods. Here, n is
the batch size and d is the feature dimension.

METHOD FORWARD + BACKWARD COST
BARLOW TWINS ZBONTAR ET AL. [2021]  O(nd® + d?)

VICREG BARDES ET AL. [2021] O(nd® + d?)

WHITENING ERMOLOV ET AL. [2021] O(nd? + d*)

SPECTRAL FLATTENING (OURS) O(nd?)

K Limitations

While our spectral flattening regularizer is more efficient than full covariance-based methods in many
practical settings, it does incur some additional computational cost due to the need for singular value
computation. In our implementation, we compute the singular values of the batch feature matrix
F € R™*? yia eigendecomposition of F'T F, which scales as O(nd?) when n > d. This cost is
typically lower than that of Barlow Twins or VICReg, both of which require full covariance matrices
and gradients through d x d terms. However, the quadratic dependence on d may still pose challenges
for extremely high-dimensional embeddings. See Appendix J for a detailed comparison of methods
and costs.
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